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FINDING  A  MAJORITY  AMONG  N  VOTES 
SOLUTION  TO  PEOBLEM  81-5  (JOURNAL  OF  ALGORITHMS.  JUNE  1981) 

MICHAEL  J.  FISCHER  AND  STEVEN  L.  SALZBERG  (TALE  UNIVERSITY) 

1.  Tkt  Problea 

The  problea  is  as  follows:  giwsa  *»  list  of  a  aubers,  representing  the 
'votes'  of  a  processors  oa  the  resalt  of  soae  coapntstioa,  we  wish  to  decide 
if  there  is  e  aajority  vote  sad  what  that  vote  is.  By  aajority  wote  we  aeaa 
that  aore  thaa  half  of  the  processors  agree  oa  the  resalt  of  the  coapatatioa. 
Vith  how  aaay  coaparisoas  aaoag  oar  a  aaabers  can  we  aolve  this  problea?"  le 
preseat  aa  algoritha  followed  by  a  proof  of  its  optiaality. 

2.  Aa  Algoritha  (Steven  L.  Salzberg) 

The  following  algoritha  givea  the  anewer  ia  at  Boat  (f3a/21  -  2) 
coaparisoas.  Restate  the  problea  as  a  balls,  each  of  which  is  soae  color*  and 
we  want  to  fiad  oae  ball  represeatative  of  the  aajority  color,  if  each  a 
aajority  exists. 

Observation 

Sappose  we  arrange  the  balls  so  that  ao  two  adjacent  balls  are  the  saae 
color.  Then  at  aost  half  (roaaded  ap)  of  the  balls  oa  the  list  are  the  aaae 
color. 

Algoritha 

Phase  1:  Take  the  belle  oae  at  a  tine  and  place  thea  either  oa  a  liat  or  ia  a 
"backet."  If  the  carreat  ball  is  NOT  the  saae  color  as  the  last  ball 
oa  the  list,  thea  add  the  carreat  ball  to  the  list,  aad  thea,  if  the 
backet  is  aot  eapty,  reaove  oae  ball  froa  the  backet  aad  place  it 
also  oa  the  list.  If  it  IS  the  saae,  place  it  ia  the  backet. 


Phase  2:  Use  T  for  all  coaparisoas  ia  this  phase,  where  T  is  the  last  ball  oa 
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the  list  at  the  end  of  Phase  1.  Repeatedly  eoapare  the  current  last 
hall  on  the  liat  against  T.  If  the  eoaparison  is  EQUAL,  throw  the 
last  two  balls  on  the  list  away,  nnleas  only  one  ball  reaaias  on  the 
list,  in  which  ease  pnt  it  in  the  backet  instead.  If  the  eoaparison 
is  UNEQUAL,  throw  it  and  one  ball  froa  the  backet  away.  Continae  in 
this  way  antil  the  list  is  eapty.  Daring  this  process,  if  a  ball  is 
ewer  needed  froa  the  backet  and  none  is  available,  then  halt  and 
announce  that  no  aajority  exists.  When  done,  if  the  backet  is 
non-eapty,  annoanee  T  as  representative  of  a  aajority.  Otherwise, 
announce  that  no  aajority  exists. 


(Note:  For  efficiency,  the  algoritha  can  iaaed lately  halt  in  Phase  2 
if  n  is  even  and  the  backet  ever  beeoaea  eapty,  since  no  aajority 
woald  then  be  possible.  However,  this  does  not  iaprove  the 
worst-case  behavior.) 


Theorea  1:  The  algoritha  above  aolves  the  aajority  balls  problea 
and  never  ases  aore  that  f3n/2]  -  2  coaparisons. 

Proof: 

At  any  stage  daring  Phase  1,  all  the  balls  in  the  backet  (if  any) 
are  the  saae  color  as  the  last  ball  on  the  list.  This  property  is 
gaaranteed  beoanse  whenever  we  add  soaething  to  the  list,  we  take 
soaething  oat  of  the  baoket  (withoat  any  eoaparison)  and  add  it  to  the 
list  as  well.  At  the  end  of  this  phase,  by  the  initial  "observation", 
if  there  is  a  aajority  color,  it  aast  be  the  saae  color  as  T. 

Phase  2  checks  whether  indeed  a  aajority  exists.  Whenever  a  pair 
of  balls  is  discarded,  one  is  the  saae  oolor  as  T  and  the  other  is 
different.  Hence,  T  is  a  aajority  eleaent  iff  a  aajority  of  the  balls 
reaaining  at  the  end  share  its  color.  There  are  two  cases.  If  Phase 
2  terainates  preaatnrely  beeanse  a  ball  is  needed  froa  the  bncket  and 
the  bncket  is  eapty,  then  at  aost  half  the  balls  reaaining  on  the  list 
have  color  Tj  hence  there  is  no  aajority.  If  the  phase  rnas  to 
eoapletion,  then  all  the  reaaining  balls  (if  any)  are  in  the  bncket 
and  have  the  saae  color  as  T.  Hence,  T  represents  a  aajority  iff  the 
bncket  is  non-eapty. 

Coanlexitv 

In  Phase  1,  the  algoritha  does  (a  -  1)  coaparisons.  In  Phase  2, 
it  aakes  one  eoaparison  for  each  pair  of  balls  discarded  after  the 
first.  In  addition,  it  nay  aaks  one  eoaparison  at  the  end  which 


results  ia  s  bell  being  placed  in  the  backet  instead  of  a  pair  being 
discarded.  A  straightforward  case  analysis  shows  the  aaiiaaa  anaber 
of  coapares  for  Phase  2  is  -  1.  Altogether  then,  the  algoritha 

uses  at  aost  f3n/2*]  ~  2  coaparisons. 

3.  Optiaality  (Michael  J.  Fiaeher) 

Te  construct  an  adwersary  which  forces  at  least  2*^/2^  -  2  unequal 
coaparisons  and  at  least  Ln/2J  equal  coaparisons  for  a  total  of  f3m/2^  -  2. 

The  adweraary  aaintains  a  partition  of  elaaents  into  two  sets,  the  arena 
and  the  outfield.  The  arena  contains  a  number  of  connected  eoaponents  of  two 
types:  "bars”  and  "flocks”.  A  bar  is  a  pair  of  elaaents  with  one  unequal 
comparison  between  them.  A  flock  is  a  non-empty  set  of  elaaents  connected  by 
equal  coaparisons.  Thus,  a  flock  of  k  elaaents  has  at  least  k-1  equal 
comparisons  aaong  its  aeabers.  Initially,  each  eleaent  ia  in  a  singleton 
flock. 

At  any  stage  in  the  algoritha,  let  B  (resp.  F)  denote  the  nuaber  of  bars 
(flocks)  in  the  arena.  Let  t  be  the  nuaber  of  elaaents  in  the  outfield,  and 
let  f  be  the  total  nuaber  of  elaaents  in  all  the  flocks.  Finally,  let  a  ■ 
Ln/2 J  +  1  be  the  "aajority  nuaber". 

The  adweraary  answers  a  question  x:y  of  the  algoritha  as  follows: 

1.  If  x  or  y  is  in  the  outfield,  the  answer  is  "unequal". 

2'.  If  x  (resp.  y)  is  an  eleaent  of  a  bar,  the  answer  is  "unequal",  and 

x  (resp.  y)  is  aowed  to  the  outfield.  The  reaaining  eleaent  of  the 

bar  beeoaes  a  new  singleton  flock. 

3.  If  x  and  y  are  both  aeabers  of  the  saae  flock,  the  answer  is 

"equal". 

4.  If  x  and  y  are  ia  separate  flocks,  then  there  are  two  cases 

depending  on  d  ■  B  +  f. 

Case  1)  d  >  a:  Then  it  will  follow  that  both  x  and  y  are  in 
singleton  flocks,  so  the  answer  is  "unequal",  and  {x,y}  beeoaes  a 
new  bar. 

Case  2)  d  »  a:  Then  the  answer  is  "equal",  and  the  flocks 
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containing  x  and  y  are  aergad  together. 

Note:  Case  1  decreases  d  by  1  and  Case  2  leaves  it  unchanged. 

Claim  1:  d  2  *•  Moreover,  if  d  >  a,  then  all  flocks  are 

singletons. 

Claim  2:  At  any  tiae,  the  following  two  colorings  are  both 

consistent  with  all  of  the  answers  given  by  the  adversary: 

1.  All  elements  are  given  distinct  colors  except  that  eleaents 
within  the  saae  flock  are  colored  the  same. 

2.  A  single  target  color  is  assigned  to  all  of  the  eleaents  in  all 
of  the  flocks  and  the  saae  color  is  assigned  to  one  element  of 
each  bar.  The  remaining  eleaents  each  receive  a  distinct 
color. 

Claia  3:  No  correct  algoritha  can  stop  until  the  arena  contains 
only  a  single  component,  which  will  be  a  flock  of  size  a. 


Proof:  Assuae  the  arena  contains  two  or  aore  components.  Then  n 
2  2,  so  also  a  2  My  the  definition  of  d,  each  floek  is  strictly 
saaller  than  d.  Every  flock  is  also  strictly  saaller  than  a,  for 
either  d  -  a,  or  every  flock  is  a  singleton  by  Claia  1.  Thus,  the 
first  coloring  of  Claia  2  fails  to  have  a  majority  eleaent.  On  the 
other  hand,  since  d  2  ■*  the  target  color  of  the  second  coloring  of 
Claia  2  is  a  aajority.  Since  both  colorings  are  possible,  no  correct 
algoritha  can  stop  at  this  tiae.  Hence,  at  termination  there  oan  be 
only  one  eoaponent,  which  aust  be  a  floek  of  size  d  ■  *  (by  definition 
of  d  and  Claia  1). 

Claia  4:  The  nuaber  of  unequal  coaparisons  Bade  by  the  algoritha 
at  any  stage  is  at  least  2*t  +  B,  and  the  nuaber  of  equal  coaparisons 
is  at  least  f  -  F. 


Proof:  Easy  induction. 


Theorea  2:  Consider  any  algoritha  which  solves  the  aajority 
balls  problea.  Then  there  is  an  input  on  which  it  aakes  at  least 
2*(n  -  a)  »  2*(*n/21  -  2  unequal  coaparisons  and  at  least  a  -  1  *  Ln/2J 
equal  comparisons.  Thus ,  the  total  nuaber  of  coaparisons  is  at  least 
p3n/2  *|  -  2. 

Proof:  By  Claia  3,  the  arena  contains  a  single  eoaponent  at 
termination  which  is  a  floek  of  exactly  a  eleaents.  Hence,  t  »  n  -  a, 
B  ■  0,  f  »  a,  and  F  ■  1.  The  theorea  follows  iaaediately  froa  Claia 
4. 
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